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Nonlinear Flight Control Using Forebody Tangential Blowing

Yuji Takahara* and Stephen M. Rock’
Stanford University, Stanford, California 94305-4035

A novel nonlinear approach is presented to designing aircraft control laws based on combining high-gain con-
trol and Lyapunov techniques. The approach is applied and demonstrated experimentally to control the lateral-
directional dynamics of an aircraft at high angle of attack using forebody tangential blowing (FTB). FTB is a
pneumatic device that modifies the vortical flow over the forebody. The modified vortical flow in turn creates roll
and yaw moments for control characterized by highly nonlinear and uncertain input/output characteristics. The
control approach presented here robustly inverts these characteristics and enables the exploitation of the full FTB
efficiency. The control approach is applicable in general to nonlinear systems which are actuated by a subsystem
comprising uncertain static nonlinearities and linear dynamics.

Nomenclature
C(q,q) = generalizeddamping matrix
Cy = friction coefficient matrix
C, = roll moment coefficient
C, = yaw moment coefficient
C, = jet moment coefficient
c = scalar constant
Cyi = friction coefficient
F,,F, = systemmatrix (aerodynamic system)
fx) = nonlinear system function (rigid body)
G,, G, = inputmatrix (aerodynamic system)
g(x) = nonlinearinput function (rigid body)
H(q) = generalized inertia matrix
H,, H, = outputmatrix (aerodynamicsystem)
1 = identity matrix
Iy = moment of inertia of apparatus
I, I, I, = moment of inertia of model x, y, z axis
I, = productof inertia of model y axis
K, = derivative gain matrix
K; = integral gain matrix

K, proportional gain matrix

k(x) = virtual control for rigid body

ks, = flaperon effectiveness coefficient
m = aerodynamic moment

mg = friction moment

mg = gravity torque

m,, = motor torque

my = static aerodynamic moment

mr = total moment

m, = virtual moment, k(x)

m; = mass flow rate through the slot

my = nominal static aerodynamic moment
q = generalized coordinates, [¢y]”

s = freestream dynamic pressure

Sref = reference area, wing planform area
s = manifold, m — k(x)

u = input,[C, §;]"

V; = jetexit velocity

V = Lyapunov function for s

Ve = Lyapunov function for x

Ve = wind-tunnel speed

rigid-body state, [¢ y ¢ 717
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y = output, [x" m"]”
o = decayrate of s
y = approximate yaw angle
om = unknown static aerodynamic moment
8 = flaperon deflection
n = aerodynamic states
7 = estimate of aerodynamic states
n = estimation error, n — 1)
K = high-gain parameter
P = modified high-gain parameter
A = eigenvalue
o = upper bound of §m;
o = modified upper bound of uncertainties
T = time constant
¢ = roll angle
I. Introduction

OREBODY tangential blowing (FTB) has been shown to be

a very powerful means of generating forces and moments on
aircraft operating in flight regimes where the effectiveness of con-
ventional aerodynamic surfaces is reduced, for example, high angle
of attack, poststall.!'> Consequently, it provides a mechanism that
could greatly expand the flight envelope of future aircraft systems.
Furthermore, it offers a means of generating forces and moments
that could replace conventional surfaces in other regions of the op-
erating envelope.

One major factor that currently limits the use of FTB is that it
is highly nonlinear and uncertain where it is most efficient. That
is, FTB provides very powerful effects, for example, forces and
moments, at low levels of blowing, but the characteristic relating
inputto outputis very nonlinearin this region. On the other hand, if
higher levels of blowing are used, then the characteristics become
well behaved, but the control effort increases. Hence, the trade be-
tween robustness and control usage is particularly acute. To exploit
the high efficiency possible with FTB, a new approach must be de-
veloped. The ultimate goal of this work, therefore, is to develop a
new generic approach to nonlinear control design that can robustly
exploitthe efficiency of powerful but highly nonlinearand uncertain
systems. With such an approach, FTB can be a very efficient device
for flight control at high angles of attack.

Previous studies have shown that control laws using FTB can
be developed using conventional nonlinear control approaches?*
These studies successfully demonstrated that significant improve-
ment in high-angle-of-attack performance could be achieved using
FTB. However, the approaches avoid much of the nonlinear nature
of the device and result in excessive use of blowing air to achieve
the control power. As already mentioned, to exploit the full effi-
ciency possible with FTB, a controller must operate at low levels
of blowing, where the actuation effects are highly nonlinear. This
objective could be achieved with a control law that could invert the
nonlinearcharacteristics. However, the inversionof highly nonlinear
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characteristics that involve a high degree of uncertainty can lead to
a very sensitive, and possibly unstable, closed-loop system. Conse-
quently, any such inversion technique must be robust and explicitly
take into account the associated uncertainties. Only in this way can
satisfactory performance be guaranteed.

This paper presents an approach to nonlinear control based on
combining high-gain control (HGC)*¢ and Lyapunov techniques/-
Itis generically applicable to nonlinear systems that are actuated by
a subsystemcomprisinguncertainstaticnonlinearitiesand lineardy-
namics. The approach consists of a few simple steps that allow time-
scale separationof each step. Neitherupperboundson the uncertain-
ties nor a full-dimensional Lyapunov function is required. It allows
explicit tradeoff between the performance and the control effort.

The experimental apparatus used in this study is presented in
Sec. II, and the mathematical model of the FTB system is described
in Sec. III. The details of the approach are described in Sec. IV. In
Sec. V, this design is applied to two-degrees-of-freedom(DOF) set-
pointtracking problems, and experimental results are presented. An
appendix containing proofs of key mathematical steps is included
at the end.

II. Experimental Apparatus

The system consists of a tailless, delta wing model inside a small
wind tunnel located at Stanford University (Fig. 1). The length of
the model is 11 in. and the wing span is 5.8 in. A unique support
system’ is used that constrainsthe model to two DOF. The objective
is to approximate the lateral-directional dynamics of an aircraft.
The model is free to roll (¢) about its longitudinal axis and to rotate
about an axis fixed in space and passing through the body as shown
inFig. 1 (this rotation angle is y and will be referred to as yaw). The
nominal incidence is fixed at 45 deg. This model has both an FTB
system and movable flaperons as control effector (Fig. 2). Blowing
slots exist along both sides of the model’s forebody through which
air can be injected tangent to the body surface. Air is blown through
only one slot at a time to minimize total air usage. C, is the jet
moment coefficient defined as

P Incoming Flow

A

Servo Motor

¥

Fig.1 Schematic of wind-tunnel experimental apparatus.

Air out Cross Section

Blowing Slots

T~~~ Flaperons

Fig.2 Wind-tunnel model and detail of forebody slots.

Movable flaperons attached to the trailing edges can be controlled
independently.In thisresearch,however, they are used differentially,
thatis, they are always deflected by the same amount in the opposite
direction. Here 8 is the flaperon deflection.

III. FTB System Model

A mathematical model of the FTB system describes the rigid-
body dynamics and the aerodynamics. The key element of the FTB
system model is the aerodynamics. Aerodynamics at high angles
of attack is very complicated due to separated flow, vortex shed-
ding, and possibly vortex breakdown. In this research, the model
of aerodynamic effects is based on the work by Pedreiro® in which
it was shown that the aerodynamic moments can be well modeled
using lagged static loads. This approach is simple enough for the
use of control design but captures all of the important aspects of the
aerodynamics.

A. Rigid-Body Dynamics

The equations of motion of the rigid-body aircraft expressed in
terms of two DOF, ¢ and y, for large angles are developedin Ref. 9.
They are

L + 1,7 cos¢ + (I. — 1,)y” sing cos ¢ = mr, (1)
(Is + I, sin* ¢ + I cos’ §) 7 + L. (¢ cos¢p — ¢ sin)

+2(1, — L)$y sin cos ¢ = my, )

where I, are the inertia properties about the point P and m, are
moments. The suffixes are x, y, z for the body-fixed orthonormal
frame, 1 for the roll axis (body-fixed x axis), 2 for the yaw shaft
axis (inertiaframe), A for the apparatusand T fortotal. The physical
parameters are

I, =3.5620 x 107* (kgm?), I, =3.7067 x 107% (kgm?)

I. =3.9531 x 1073 (kgm?), I,. = 0.0 (kgm?)

I, =0.1772 (kgm?)
In the preceding equations, m 7 can be decomposed as
mry =my +mgy,

Mpy=my+mep +mg+m, (3)

where m; and m, are the aerodynamic moments and the other sub-
scriptsindicatethe originof additionalmoments: frictionof bearings
and potentiometer f, gravity restoring moment g, and motor 1.

Incorporating an active torque cancelation (ATC) developed in
Ref. 9 yields torque applied by the motor equal to

my, = —my +0.91,7 )

The purpose of ATC is to eliminate the effect of the gravity torque
and reduce the effect of the large moment of inertia of the apparatus
(90% reduction'®) so that the motion of the aircraft model is dom-
inated by aerodynamic loads. Finally, the moments due to friction
of the bearings and potentiometers were measured experimentally
and can be written as

me = —cs1@, Mgy = —Cpry %)

where

¢ =154 %107 (N-m/s), ¢ =1.10 x 107> (N - m/s)

(6)

Substituting Egs. (3-5) into Egs. (1) and (2) yields the equations of
motion as

Lp + 1.7 cos¢ + (I. — I,)y" sing cos ¢ = my — c1 )
(1, sin® ¢ + I cos’ p +0.10,)  + L. (¢ cos ¢ — ¢* sin)

+2(I, — L)y sing cos ¢ = m, — ¢ oy ®)

These can be rewritten in Euler-Lagrange form as

H(g)g+Clg.9)g=m —Crq ©)
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Fig.3 Roll moment coefficient for various C;, and ¢, where v =d; = 0.
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C. = Cfl 0
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Finally, these equations can be written in a state-variable form by
solving for ¢ and y:

SR ) )
.| = ~ . . m
q 0 —H(@'C.9]|4 H(g)™!

Clq.9)=C(q.9 +C; (1
Hence,
x = f(x)+ gxym, f(0)=0 (12)

wherex=[q" ¢"1"=[¢ y ¢ y]” and the vectorm is the applied
aerodynamic moment in each DOF m =[m; m,]".

Note that the inertia properties of the model (I,, =0 and I, ~ I,)
make the rigid-body dynamics nearly diagonal [refer to Eq. (9)].
Furthermore, all of the nonlinear terms in Eq. (9) are small due to
I, ~ I ; hence, the rigid-body dynamics are well approximated by
two independentlinear time-invariantsystems: ¢ and y . (This char-
acteristic is not necessary, but is used for conveniencein designing
a specific controller in later sections.)

B. Aerodynamic Model
The aerodynamic moments are expressed as

n=Fn+Gmx,u) (13)
m= H,n (14)

where 1 is the vector of internal states of the aerodynamics,
m is the resultant aerodynamic moments, u is the control input

w=I[C, (Sf]T), and m,(x, u) is the vector of static aerodynamic
moments, which are highly nonlinear functions of C,. The static
aerodynamic moments are described in the next section. Because
two independentfirst-orderlags for both aerodynamic moments are
used,’ F,, G,, and H, are expressed as
Ga _ [1/'{1 0 i|
0 1/‘[2

_ _1/11 0
Fa_|: 0 —1/‘E2i|7

H—IO (15)
1o 1

where 7, =0.020 s and 7, =0.0183 s are the time constant of the
lags from my, (x, u) to m; and my, (x, u) to m,. The aerodynamic
equation can be simplified as

m=Fm+ G,m;(x,u) (16)

because with the H, =1, n=m.

1. Static Moment

Figures 3 and 4 show typical static moment characteristics
[mg(x,u)] due to FTB. Roll moment coefficient C; and yaw mo-
ment coefficient C,, are plotted for various C,, and¢ aty = 0,5, =0
(Vo =24.5 m/s). Figures 3 and 4 show that FTB is most efficient
but highly nonlinear at small levels of blowing, whereas it is well
behaved at large levels of blowing.

Figures 5 and 6 show the effects of the flaperons'! on the roll
moment C; and the yaw moment C, for various C,, at ¢ =0 and
y =0. From these data, it is observed that the flaperons are more
effectivein generating the roll moment than FTB and that they have
a small effect on the yaw moment.

1

2. Model Uncertainties

For the system dealt with here, the rigid-body dynamic properties
are easily measured and are, hence, treated as known. The principal
source of uncertainty in the system is the aerodynamic model. In
particular, the static moment characteristics are the dominant un-
certain factors. These uncertainties arise from the errors associated
with measuring experimentally the static moments, the blowing co-
efficient C,,, and the airspeed.

Given this, the static moment m; (x, u), which is a function of the
rigid-bodystates x and the input (u = [C,, §;]") canbe decomposed
as follows:

m,(x,u) =m,(x,u) + dm,(x,u) a17)
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Fig.4 Yaw moment coefficient for various C,, and ¢, where ~ = §; = 0.
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Fig.5 Flaperon effect on m,, where ¢ =~y =0.
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where my (x, u) is the vector of known nominal static aerodynamic
moments given in numerical data and dm;(x, u) is the vector of
uncertainstatic aerodynamicmoments. Schematically, the uncertain
static moment is shown in Fig. 7.

Note that the constants 7, and 7, in the aerodynamic model can
also be uncertain. Hence, Eq. (16) can be expressedin the following
form:

m=(F, +8F,)m+ (G, +38G,)[m;(x,u) + dm,(x,u)] (18)
If all of the system uncertainties are lumped into w defined as

w=G_'[§F,m+ G,0m,(x,u) +8G  m,(x,u) +8G ,0m(x, u)]
(19)

the resulting equation becomes

m=F,m+ G,[m,(x,u) +w] (20)

Note that each component of w is not necessarily small, but it is
assumed bounded by an unknown constant, that is,

|w;| < p; (unknown), (i=1,2) 21)

3. Nominal Static Aerodynamic Moment
The nominal aerodynamic moments m,, (roll) and m;, (yaw) are
found experimentally to be well represented by

m;, (x,u) =m; (x,C,,8¢) =my (x,C,) + k,gf 8¢ (22)
my, (x,u) =mg,(x,C,) (23)
where

ks, =2.65x 107* (N - m/deg)
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Fig.6 Flaperon effect on my,, where ¢ =~y =0.
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Fig.7 Uncertain static moment.

That is, my, (roll) depends linearly on 8 and m;, (yaw) is nearly
independentof 8, that is, the effectiveness of 8¢ is much smaller
thanthatof C,,, asseenin Fig. 6. The neglectedeffects of the flaperon
deflection on m; are regarded as part of dm;.

Note that the lack of dependency m;, on §; will be shown to
be convenient when inverting these characteristics to solve for C,
and 8¢ in subsequent sections because it eliminates the need for
time-consuming iterations in the online control calculation.

IV. Control Design
A. System Description
The equationsof motion describingthe complete FTB system can
be written in general terms as

x=f@®+gx)m (24)

1o = (Fay +8F,) 0o + (Gup + 8G,) i, (x, u) + dm,(x, u)]
(25)

m = H,n, (26)
That is, it consists of a nonlinear system or plant [described by
Eq. (24)] actuated by a subsystem comprising uncertain static non-
linearities and linear dynamics (25) and (26).
The measured outputis
T T]T

y=x'" m @7

wherex € R™, 1o € R, m; € R"™, m€ R"™,ue R"™,ye R"*"n,
and n, >n,. F,, G, and H, are known nominal constant ma-
trices of appropriate size and 6 F, and §G, are uncertain matrices.
Here m,(x, u) is the vector of known nominal nonlinearities, and
omy(x, u) is the vector of uncertain nonlinearities.

B. Assumptions

Several assumptions regarding the preceding set of equations are
required or exploitedin the derivationsthat follow. For clarity, these
assumptionsare stated here. These assumptionshelp define the class
of nonlinear systems that will be addressed by the control design
techniques developed.

For the main system, 1) f(x) and g(x) are known; 2) g(x) is
affinely bounded, that is, 3c,, >0,i =1, 2, such that

lg@)ll2 =< cg, llxll2 + ¢, (28)

and 3) x is measurable.

For the subsystem, 1) all of the uncertainties can be collected
into a lumped uncertainty w € R"", which satisfies the matching
condition,'? that s,

Gw=38Fn,+ G, 0m,(x,u) +5G,m;(x,u) +38G,0m,(x, u)
(29)

Vx € R"*,Vn, € R",Yu € R",VY§F,,¥8G,, and Vom, (x, u) given
Fu, G4y, and m,(x, u). Then, the subsystem (25) becomes

/’:]0 = Fao"O + Gao[ﬁ's(x7 u) + W] (30)

2) Each component of the unknown w is not necessarily small but
is bounded by an unknown constant, that is,

|w;| < p; (unknown), Gi=1,...,n,) (€19)
Vx e R"™,VYueR" and Vn, € D, where D ={n, € R"|||n,l. < oo}.
3) F,, G,, and H, satisfy the following conditions: a) the triple
(Fu, Guy» H,) is minimal, b) G,, and H,, are full rank, c)
det(H,,G,,) # 0 (relative degree is one), d) invariant zeros of (F,,,
G,,, H,,) are in the open left half-complex plane (minimum phase).
The last assumption 4) m is measurable.
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Fig. 8 Block diagram of controller/plant structure.

C. Nonlinear Control Design

Given an uncertain nonlinear system in the class just described,
an approach to designing a nonlinear control is developed here that
blends HGC>® and Lyapunov techniques.”-*!3:' It can control the
class of uncertain nonlinear systems in multiple timescales by ro-
bustly inverting the uncertain static nonlinearities.

Figure 8 shows the control structure incorporated. It consists of
two control loops: an outer control loop (virtual control) and an
inner control loop (high-gain Lyapunov control). The outer loop is
designed assuming that the inner loop works perfectly (m =m, in
Fig. 8). Then, the inner loop is designed to achieve robust, high-
performance tracking of m, by m. Note that the inner-loop design
depends explicitly on the outer-loop control design. The goal is to
achieve performance of the entire closed-loop system that is close
to that defined in the virtual control design step.

The details of the nonlinear control design process consist of
three major steps: 1) virtual control (outer loop), 2) reduced-order
observer, and 3) high-gain Lyapunov control.

1. Step 1: Virtual Control

The first step is to design a virtual control, or outer-loop design,
that defines the desired overall system performance. That is, a con-
tinuous virtual controller k (x) for the main system (24) is designed
by ignoring the subsystem and regarding m as the control input. It
is designed so that the closed-loop system

x = fx)+ g)k(x) (32)

is stable and achieves desired performance. The design producedin
this step typically yields a slower timescale closed-loopsystem than
does the HGC inner-loop design.

2. Step 2: Reduced-Order Observer

The second step is to design a reduced-order observer to esti-
mate any states in the subsystem that are not measured. This step
is required because the last step of high-gain Lyapunov control re-
quires an estimate of all of the states in the system. Note that if all
subsystem states are measurable, this step is not required.

In particular, given the subsystem (30) and (26), an observer that
achieves asymptotic decay of the state error in the presence of the
lumped uncertainty w needs to be designed. The reduced-orderob-
server approach'> achieves asymptotic decay of the state error in
the presence of the uncertainty without the informationon the upper
bounds of the uncertainty by transforming the system into a system
where the uncertainty has no direct effect on the unmeasuredstates.

The following describes the design process of a reduced-order
observer. The conditions on the triple (F,,, G,,, H,,) ensure that it
can be linearly transformed into the following form'®-!7:

F — Fan FGIZ G — 0 H :[0 I] (33)
“ Fazl F, ’ ¢ Gaz 7 ’

ax

The eigenvalues of F,,, are the stable invariant zeros of (F,,, G,
H,,) and 7, is transformed into

™
N > N=
m

In the new coordinates, the subsystem dynamics are expressed as
follows:

m = Fuym + Foym (34)
m= F,n + F,m+ G,[m,(x,u) +w] (35)

The uncertainty w is isolated from the unmeasured states ;. It is
assumed that the transformation from the original triple F,,, G,,,
H,, to the triple F,, G,, H, in Eq. (33) has been applied in the
subsequent sections.

From the transformed system, it is straightforward to design a
reduced-orderobserver. A reduced-orderobserverfor 7, in Eq. (34)
is constructed as follows:

My = Fo iy + Foum (36)

The error dynamics are
7;71 = Fo, 7 (37

Because F,,, is stable,

m —>0 as t— o0 (38)

5 |:ﬁli|
n=
m

The reduced-order observer yields state estimate 77 such that

The estimate of 7 is

n=n—1— 00— 00) (39

3. Step 3: High-Gain Lyapunov Control

The final step is to determine the actual control input u so that
the m is close to the virtual control k(x) designed in the first step.

A Lyapunov function approachis employed here to achieve small
error between m and k(x). The design process depends on the num-
ber of available inputs. In what follows, the number of inputs is
equal to the dimension of m, thatis, n, =n,,.

The inputs u are determined from the following vector control
Lyapunov function V, withw =0, n=1:

Vilw—oy— + 2diag(a,)V, = —diag(k)s> (40)

where a manifold s is defined as the difference between the virtual
control k(x) and the aerodynamic moments m, that is,

s=m —k(x) 41)
and V; is a vector control Lyapunov function for s:
T T
v =1[v, Vol =l3st il @

wheres®is [s; --- s) 1" and oy =0, -~ @, 1" is the desired
decay rate of s. The decay rate is defined as the largest«, such that

lim e®i’|s; ()] =0
1 — 00

holds for all trajectories of s;(¢). This decay rate is selected faster
than the timescale used in the virtual control design.
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Note that kK = [k - Kk, 17 is the vector of design parameters
thatdeterminethe upperboundof|s;[,i =1, ..., n,.The boundcan
be made small by increasingk;,i =1, ..., n,,. However, increasing
k generally leads to larger control efforts. Equation (40) can be
rewritten as

diag(s)s|y—o.,= 5 + diag(ay)s* = —diag(k)s> (43)
Since

§ = — k(x) = H{F,n+ G.[m,(x,u) + w]}

ok
- ﬁ[f (x) + g(x)m] (44)
ox
R _ ok
Slw:O.n:ﬁ = Ha[Fan + Gams(x7 u)] - %[f(x) + g(x)m]
(45)
Eq. (43) becomes
R _ ok

diag(s) { H,[F,n+ G.m(x, u)] — %[f(x) + g(x)m]}

+ diag(ay,)s® = —diag(k)s’ (46)

Finally, the input # can be determined by solving the following
equation [n,, equations for n,(=n,,) unknowns]. Note that x, m,
and 7) are known. Thus,

my(x,u) = m.(x,m, 7)) — (H,G,) 'diag(k)s

=m.(x,m, 1) — [El /E,,,”]Ts 47)

where m.(x, m, 7)) andK;,i =1, ..., n,, are defined as

mc(x7 m, /;]) = _(HaGa)il
X {Ha Fn— %[f(x) +g(x)m] + diag(a;)s} (48)

[&i - %] = (H,G,) diag(x) (49)

The process of determining # from Eq. (47) requires an inversion
of the static nonlinearities. Figure 9 shows an example of how to
determine a single control input u. In Fig. 9, the curve represents
the nominal static nonlinearity m; (x, u) given x. The inputu is de-
termined from a point where the curve intersects the horizontal line
at [m.(x,m, 1) — #Ts], which is known at any instant because x,
m, and 7) are known. When multiple intersections exist, the mini-
mum amount of the input will be chosen. Note that with the same
m.(x, m, 7)), a different input results depending on the sign of &”s.
In this way, the static nonlinearities are inverted to determine the
inputs.

In general, solving Eq. (47) when there are multiple inputs, thatis,
u is not a scalar, can require an iterative scheme, and depending on
the system, this could be problematic for real-time implementations.
However, as will be shown, this was notan issue for the experimental

m, (Nominal Static Nonlinearity)

given z

Fs(<0)

m,(z, m, )

Fig.9 Inversion of nonlinearity (determination of C,,).

system dealt with here because the solutions for the two control
inputs C,, and 8¢ can be decoupled.

D. Discussion

The resultingcontroller/plant structureis shown in Fig. 8. The key
element is that the inner loop achieves small error in the presence
of the uncertainties. The inner-loop control (high-gain Lyapunov
control) takes the effect of the uncertainties on the stability into
account in a selective way. When the size of the uncertainties is
large, the control renders the effective gain of the controller selec-
tively high. The control can adjust the control input to counteract
the large uncertainties. The selective adjustment is made possible
with the measurement of m that contains information of the un-
certainties. The main idea behind the selective adjustment of the
control gain according to the size of uncertainties comes from the
nonlinear damping technique® Essentially, the nonlinear approach
in this section is an application of the nonlinear damping technique
to a smaller dimensional error space, the idea of which comes from
sliding mode control.'

E. Proofs

To prove that the control design approach yields a feasible con-
troller, several proofs are required. In particular, it must be shown
that 1) 77 is bounded, 2) u resulting from Eq. (47) renders s(t)
bounded for any w, 3) x is bounded, and 4) 7 is bounded. These
proofs are presented in the Appendix.

V. Application to FTB

The nonlinear control design approach presented is applied here
to the FTB system. In particular, set-point tracking of the two-DOF
system with FTB and flaperons is presented. This example serves
to demonstrate the steps in the control design process and to show
that the process can achieve effective control laws.

A. System Description
The main system equations are of the form

Xx=fx)+gx)m (50)

with details defined in Eq. (10). The state is x=[¢" ¢§"]" =
o v ¢ vI.

The measured output vector of the FTB system is
y=la" ¢ @V =l v ¢ v ¢ ' 6D
The function g(x) in Eq. (50) is norm bounded, that is,
lg@)ll2 < ¢y (52)

because

0
= 53
g(x) |:H(q)'i| (53)

from Eq. (10), and H (q) satisfies's
hnind < H(@) < hma] (54)

for all possible g. Therefore, ¢’ in Eq. (A13) is always positive
because ¢,; =0 in this case,

' =c3—c4cq6,=¢3>0 (55)

Hence, all of the conditions of the main system are satisfied.
The equationsdescribing the subsystem were defined in Egs. (15)
and (16) as

m=Fm+ G,m;(x,u) (56)

Here two independent first-order lags for both aerodynamic mo-
ments are considered; hence, all of the conditions on the triple F,,
G, H,, are satisfied. Also, all of the uncertainty is assumed to be
in m,(x, u) (which is represented by tables of experimental data).
Finally, m is measured because it can be computed from Eq. (9)
using the angular accelerations ¢ and y . Note, because noise in the
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accelerationsdirectly results in an error in computation of m, both
accelerationsare filtered with analog prefilters. (The resulting error
in m can be regarded as another source of uncertainties.)

Hence, all of the conditions of the subsystem are also satisfied.

B. Virtual Control

The outer-loopor virtual controldesign for the rigid-body system
givenby Eq. (50) can be accomplishedin many differentways. Here,
a simple proportional-integral-derivative (PID) control system was
selected because it is easily calculated and because PID control for
rigid-body dynamic systems gives semiglobally stabilizing control
due to the passive nature of the rigid body.'? Specifically, as noted
in Sec. III.A, the rigid-body dynamics of the FTB system can be
decomposed into two independentlinear, time-invariant (LTT) sys-
tems; hence, a virtual control can be designed with simple pole
assignment for each LTI system. The result is

T
[C.8,1" = [KpKdK,-][qTq" / qut} (57)
where
K — 0.0206 0 7 K = 0.0419 0
P 0 0.4164 0 0.4854

c _ [00027 0
71 0 0.1364

C. Reduced-Order Observer Design

Because full state information is available in this case for the
subsystem, that is, n=m and m is measurable, a reduced-order
observer (step 2) is not necessary.

D. High-Gain Lyapunov Control

For this step, the system and subsystem were defined by Egs. (50)
and (56). Here, x and m are measured quantities.

There are two sets of design parameters that characterizethe per-
formance of the HGC design. The first is the vector of desired decay

rates [, ;] onthe trackingerrorsdefined by s; =m; — k(x);. For
thisexample,eachofthedecayratesof's;, i =1, 2,issetto 10 (which
is about 10 times faster than the virtual closed loop for the rigid-body
dynamics). That is,

a, =[10 10]

The second parameter is [«; «2]. This vector determines upper
boundson the trackingerrors |s;|. The results for several sets of  are
presentedin the experimentalresults sectionto follow to show how k
can be used to trade closed-loop performance against control usage.

Having specified all design parameters, the HGC control is found
ateach time step by 1) computing < from Eq. (49), 2) computingm,.
fromEq. (48), and 3) solving the nonlinearEq. (47) foru =[C,, §/],
where m, (x, u) is given by Eqgs. (22) and (23).

Note that because Egs. (22) and (23) are one-way coupled in this
case, an online implementation is straightforward. Equation (23) is
solved for C,, using the graphical techniquediscussedin Sec.IV.c.3,
and Eq. (22) is then solved algebraically for § ;.

E. Experimental Results

Two-DOF set-point tracking experiments were conducted at a
100-Hz sampling rate. The results are shown in Figs. 10 and 11.
Figure 10 shows the datawhen k isrelativelysmall (k= [40 140]7).
Figure 11 represents a case where k= [400 1400]". At this level
K, the control structure behaves like a conventionalbang-bang con-
trol. In Fig. 10, it is seen that the set points (¢ =20 deg, y =10
deg) are achieved with smaller air usage (the average C,, =0.01 in
t € [0 5] thaninFig. 11 (theaverage C, =0.029int? € [0 5]). Each
componentof s rapidly converges to within a small bound as shown
in Fig. 10, whereas each component of s is contained in a small
boundinFig. 11. The boundsofboth¢ (A¢ =5.1deg)and y (Ay =
1.7 deg) in the steady state in Fig. 10 are degraded compared to the
resultof the bang-bang control (A¢ =2.5deg, Ay =2.1deg). Also,
note that the flaperons move very rapidly to cancel the roll moment
generated by the small levels of blowing. The roll moment in the
small levels of blowing is large and rapidly changing with C,,. On
the other hand, the flaperons in the bang-bang control do not move
rapidly due to the benign roll moment characteristics in the large

30 ; ' ! !
20 ' ‘ 3 3
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0

é, v (deg)

-10
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0.5 1

time(sec)

Fig. 10 Two-DOF set-point tracking (experiment), ~ =[40 140].
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Fig. 11 Two-DOF set-point tracking (experiment), x = [400 1400] (bang-bang).

levels of blowing. When the two cases shown are compared, it is ob-
served that, with the smaller x, the amount of air usage is reduced
to about one-third, whereas the bound of the controlled output is
increased by a factor of two.

VI. Conclusions

A nonlinear control approach has been developed that robustly
inverts uncertain nonlinearities. It is applicable to nonlinear sys-
tems that are actuated by a subsystem comprising uncertain static
nonlinearities and linear dynamics. The approach consists of three
simple steps that allow timescale separation of each step. Neither
upper bounds on the uncertaintiesnor a full dimensional Lyapunov
function is required. It allows explicit trade-off between the perfor-
mance and the control effort. The control design has been applied to
FTB to exploit fully FTB efficiency. Independentset-pointtracking
control of roll and yaw angles at a high angle of attack with FTB
and flaperons has been successfully demonstrated experimentally.

Appendix: Proofs
A. Boundedness of 7}
Since 17, — 0, and 7} is constructed as

[

Imll: < ¢; (A1)

where c; is the upper bound of 7.

71 is bounded,

B. Boundedness of s
With u determined from Eq. (47), the following inequality holds:

V, + 2diag(a,)V, = V,ly—0,—; + 2 diag(a,)V,
+ diag(s)(H, Fui) + H,G,w)
= diag(s)(H,F,7 + H,G,w) — diag(k)s’

= diag(s)w — diag(k)s®> < diag(|s|)p — diag(k)s’ (A2)

B

Fig. A1 Boundedness of s.

wherew=H,F,n+ H,G,w and p, = |w;|, i =1, ..., n,. Here |s|
is defined as [|s;|- - |s2]]7, and < represents componentwise in-
equality. Note that p;,i =1, ..., n,,, is unknown but bounded. The
right-hand side of each componentof Eq. (A2) reduces to

_Kis,'z + pilsil = —«ilsilllsi] — (0i/xi)]

= _Ki[lsil - (;5i/2/<i)2 + ;5,-2/4/@']7

In summary, it has been shown

Vi, + 20, Ve, < =i (5] = 5 /260 + 5[4 (Ad)

Figure Al shows the situation when o is zero. When [s; (7)| is
larger than p; /k;, V;; becomes negative. This implies that V,; is de-
creasing as a function of time. Therefore, |s; (#)| is also decreasing
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because V; is a radially unbounded positive definite function of
Is; (t)|. In this way, [s;(¢)| is ultimately bounded above by p; /«;.
The bound can be made small by increasingx;, i =1, ..., n,,, with-
out knowing the upper bound of the uncertainties p;. However, in-
creasing k normally leads to larger control efforts. Therefore, it
is concluded that s;,i =1, ..., n,, is ultimately bounded for any
k; > 0, that s,
ls; (D) < pi /i, @=1...,n) (A5)

For all positive design parameter K, s is bounded, and k determines
the upperboundof's. If the estimates of the bounds p of uncertainties
are available, the upper bounds of s can be computed a priori from
Eq. (A5). The information can be used to estimate the upper bound
of the controlled variables (the worst-case performance). Therefore,
k can be computed a priori, given the requirement of the worst-case
performance.

Note that 77 is not required to converge to 0, but merely to be
bounded. Also note the 2-norm of s is bounded because each com-
ponent of s is bounded,

sl < ¢s(k) (A6)

where c; (k) is the upper bound of ||s||,, which is a function of .

C. Boundedness of x

Let V, be a Lyapunov function for the rigid-body states x. Be-
cause the main system (24) closed with the virtual control k(x) is
(for simplicity,exponentially) stable, the following inequalitieshold
from the converse Lyapunov theorem (see Ref. 12):

allxlly < Vi) < eollxl3 (A7)

; V. (x)
Vilx) = T[f(x) + g@)k(x)] < —csllxll3 (A8)

oV, (x
HJ < culxls (A9)
ox
2

for some positiveconstantsc;, i = 1, ..., 4. With the use of the same

Lyapunov function V, (x) for the system with actual m not with the
virtual control k(x), V,(x) is evaluated as follows:

y aV\ aV\
Vix) = a—x'[f(x) + g(x)m] a—x{f(x) + g@)[k(x) + s]}

X

2 v 2
< —alxll; + a—xg(x)s < —asllxll; + callxll2llg ) l2ls ll2
(A10)

From the assumptions, g(x) is affinely bounded.

lg@)ll2 < cgllxllz + cg,, ¢y =0 (=12 (A1)
Therefore,
Vo) < —(c3 — cacqrcn) x5 + caceacslixlla

= —[IIxll = (cace, 26V ] + [(eaeoc)’ o] (A12)
where

=3 —cycqc (A13)

From the preceding inequality, if we can show that ¢’ > 0, it follows
that x is also bounded. Also, ¢’ > 0 is always true if g(x) is norm
bounded because ¢, =0 in this case and ¢’ = ¢3 > 0. Note that the
bound on x also can be made small by increasing x because in-

creased gain leads to smaller ultimate bound of s (c;). Thus, it can
be concluded that the bound on x is also controlled by .

D. Boundedness of 1

Because s and x are bounded and k(x) is continuous, m[=
k(x) +s] is also bounded. Therefore, it can be concluded from
Eq. (34) that 77, is boundedbecause F,; is stable and m is bounded.
Consequently,all of the internal states 1 of the aerodynamicsystem
(F,, G,, H,) are bounded.
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